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1 Introduction and statement of results

Elliptic curves provide a fertile ground for the study of the homological mirror symmetry
conjecture [10], which relates interesting algebraic structures occurring in the symplectic
geometry and complex geometry of different manifolds. They are very simple manifolds
that nevertheless exhibit surprisingly rich connections to many fields including Hodge
theory, modular forms, and mathematical physics.

Of central importance in this subject are the generating functions arising from the
open Gromov-Witten theory of elliptic curves. They give the structure constants for the
Aso-structure (i.e., the homotopy version of associative algebra structure) in the Fukaya
category (whose objects are Lagrangian submanifolds carrying vector bundles over them,
and whose morphisms concern relations among the vector bundles). On the one hand,
having a clear understanding of these functions is very useful to verify ideas and con-
jectures in homological mirror symmetry for elliptic curves and even for more general
manifolds. On the other hand, these functions frequently exhibit transformation proper-
ties of mock modular forms and Jacobi forms that are interesting to study on their own.
Specifically, they provide natural examples of mock modular forms of higher depth. Mock
modular forms are holomorphic parts of so-called harmonic Maass forms, which are non-
holomorphic generalizations of modular forms. Higher depths forms require additional
differential operators. The generating functions arising in this context are very concrete
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objects and can be expressed using elementary geometric objects. By definition they enu-
merate holomorphic disks on elliptic curves bounded by a given set of Lagrangians, with
appropriate weights specified for example by the area of the holomorphic disks. Due to the
simplicity of the universal cover of the elliptic curve, the Lagrangians are represented by
straight lines on the universal cover, holomorphic disks are then represented by polygons
whose edges lie on these straight lines. This allows the reduction of the enumeration of
these geometrical objects to a combinatorial problem. The resulting generating functions
may then be written down and turn out to be indefinite theta functions [12,13,15,16],
see also [4,9]. In particular, it was found in [16] that the enumeration of triangles yields
Jacobi theta functions. The enumeration of parallelograms [13,15,16] gives the Gottsche-
Zagier series [8], while that of more general shapes of 4-gons give the Appell-Lerch sums
studied by Kronecker that describe sections of rank two vector bundles on the elliptic
curve as shown by [14]. Interestingly, while the former only involves the usual Jacobi theta
functions, the latter are related to the mock theta functions.

Recently there also have been some works considering the genus zero open Gromov-
Witten invariants of the quotient of elliptic curves called elliptic orbifolds [2,3,5,6,11].
A detailed study of the mock modularity of some generating functions arising from this
context was performed in [2,3,11]. We remark that the objects studied in the present work
differ from those in the above mentioned papers in that the occurring generating functions
are different: the former mainly works with fixed Lagrangians, while in the present work
deformations of the Lagrangians are considered as set up originally in [16].

In this paper, we follow the lines in [13,15,16] and study the generating functions arising
from the enumeration of particular shapes of 4-gons and 5-gons. The main result of this
paper is the following (see (6.1) and (7.1) for the generating functions and Theorem 6.3
and Theorem 7.4 for the mock Jacobi properties).

Theorem 1.1 The functions f3 and fi satisfy mock Jacobi properties.

A careful analysis of the modular behavior of the generating functions reveals the global
properties of the Gromov-Witten theory on the geometric side. Moreover, the study of
special values and singularities can be used to detect what happens in the geometric
context, which are otherwise very hard to approach (for example, when the Lagrangians
do not intersect transversally). While the study of these very special shapes are already
interesting, we hope to extend our investigation to include more general shapes of 5-gons
and 6-gons in future work.

The paper is organized as follows. In Sect. 2 we provide some preliminary results and
conventions on Jacobi theta functions and mock theta functions of Zwegers. In Sect. 3
we review the geometric construction of the generating functions. We then study the
generating functions case by case in Sect. 4 to 7. We conclude with some discussions and
a conjecture in the final section.

2 Preliminaries

In this section we recall some modular forms and generalizations thereof, which we require
for this paper. Note that we frequently suppress 7 in the notation of functions f : CN x
H — C, (z,7) — f(z) = f(z;7) if it is viewed as fixed. Here and throughout we write
components of vectorsw € CN aswy, ..., wy and = e*™i%, We write real and imaginary



K. Bringmann et al. Res. Number Theory (2020)6:28

partsas T = u + iv € C,z =« +y € CN and frequently use g := e?'7, ¢ := ¢?", and
= e*" for j € N. The Dedekind eta function

n() = q% [0 —q"
n=1

is a modular form of weight % with multiplier

(|C|> elz( a+d)c—bd(c?—1)—3c) if ¢ is odd,

Vi (Z Z) = xi —d? — —
(5)612(”(1 d%)+d(b—c+3)-3)

if ¢ is even,

which means that for (‘c‘ 2,) € SLy(Z) we have

1 (Z25) = vy (¢4) (et + (o) @.1)

The Jacobi theta function is defined as

Hz; 1) = Z q%eznm(w — —igv¢2 1_[ (1—g"(1—¢q" ") (1-¢71q")
nei+z nz1

We require the following properties of 9.

Lemma 2.1 (1) We have
H—z) = —0(z).
(2) Fort, m € Z, we have
D e+ et +m) = (1)~ T (o).

(3) We have

773

(@) G)

(4) We havefor( )e SLy(Z)

9 (s 258) = 3 (44) ex + DEeF 0 5 7),

Remark Lemma 2.1 (2), (4) imply that ¢ transforms like a Jacobi form of welght = and
index 1 5 for SLy(Z) with multiplier Vn‘

Furthermore, we use the following higher-dimensional generalization of Jacobi forms.

Definition 2.2 Let f : C" x H — C be a meromorphic function with possible poles in
z € C". We call f a meromorphic Jacobi form of weight k and index M € %Z’ X7 for the
subgroup I' C SLj(Z) if it satisfies for some a > 0 the growth condition

4 T
f(z;t)eiTﬂy My c O(@®) asv— oo,

Page 3 of 19
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forz € C", ¢, m € 7" the elliptic transformation
f(Z +er+ m) — e*47tizTM€q7€TM¢f(Z)

and for (‘Cz Z) € I' the modular transformation

2mic

™
£ (5 428) = (v + et Mep (g ),

Both transformation identities can be modified with some multiplier. If f is holomorphic
onall of C" x H and f (z; r)e_%yTMy is bounded as v — o0, we call it holomorphic Jacobi
form.

We call a meromorphic function f : C" x H — C (with possible poles in the z-variable)
a mock Jacobi form of weight k and index M € %Z’ X" for the subgroup I' C SLy(Z) if it
can be completed in the sense of [1,7] to a function that transforms as a Jacobi form of
the same weight, index, and subgroup (and possibly multiplier).
Next recall Lemma 2.3 of [2], which states the following.

Lemma 2.3 We have, for0 < y1,y2 < v

Z ST i V(z1 + 22)

1—oq" ¥ (21)0(22)

nez

Furthermore, we require the Appell functions

n(n+1) :
‘ (=1)"q 2 e*Tinz Alz1, 225 7)
Al(z1,20;7) = "4 . , 21,205 T) = ————— =,
(21, 225 T) > 1= erizgn (21, 225 7) Y-

nez

We recall some properties of A and p that can be easily deduced from Proposition 1.4

of [17]. In part (4) we moreover state a consequence of Lemma 2.4 (2) for zg = —z — %,

z1 :z,andzz:z—%+%.
Lemma 2.4 Letz zo,21,22 € C\ (Zt + Z) and € € Z.
(1) We have
rz+1,22+7)=pn(zL2), Az +Lr,z+L1) = (—l)iq_g;“{efl (21, 22) .
(2) Assuming that zy + zo, z2 + z0 ¢ Zt + Z we have

in39(z1 + z2 + 20)9 (20)
(21)9 (22)9 (z1 + 20)P (22 + 20)

w(z1 + zo, z2 + zo) = p(z1, 22) + 5

(3) We have

Lo .1 -4l
(21, 22) + q 28 oz + T, z) = —ig 8¢, 28y,

1
=z, —22) = ez, z21) =~z + L) = wlen ), (3 %) = —345.

(4) We have

Alz=§+3)=—3a%0 (= 5+3)+ 30" (5 - §)
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The function A also has a modular completion i.e., adding a (simpler) non-holomorphic
piece yields a function A which transforms like a Jacobi form. To be precise, set

o~

Az, 237) = A(z1,227) + 40 (23 1) R (21 — 225 7)

n2

with R(z; 1) := Zne%Jrz(sgn(n) — E((n + %)m))(—l)”f%q77e*2ninz. Here E(x) :=

Alz2257)
¥ (z2;7) °

The function A transforms as a Jacobi form of weight one and index % ( _11 (1)) as proven

in [17].

2 f(;c ¢~ dt denotes the usual error function. We also define [i(zy, z2; T) :=

Lemma 2.5 (1) We have, for {, m € 72,

2
X(Z + it + m) — (_1)€1+m1eZﬂi(@l—Zz)Zle—27‘riilzzq%—[1522 (Z).

(2) We have, for (’g Z) € SLy(Z),

nic(—z%+2zlzz)

A (crz-}—d’ crzj-d; Z;——:—_S) = (CT + d)e ertd A (Z; t) ‘

Remark The function i transforms like a Jacobi form of weight % and index % (711 31)
(with multiplier).

Furthermore, we let

F(z;7) (2.2)

p 1 11 ny(n+1)
— 4R 242452 ny ,—————+niny+nin3+nyng N1 N2 N3
=q 8¢ "¢y &3 § + E (=D)"qg > 12T 23C1 §r783”.
neNgxN2  neNgx(—N)2

Theorem 1.3 of [2] rewrites F in terms of x and ¢.

Lemma 2.6 We have for 0 < y9,y3 < v

30 (z2 + 23)

mﬂ(zb z2 + z3).

F(z) = i (z1)1u(z1, 22) (21, 23) —

3 Geometric construction
We now review the construction of the generating functions in consideration following
[12,15]. For this, we fix the lattice A = Zo1 @ Zg> in R?, where

01:=(1,0), o2:= (—%, JTﬁ) .
Furthermore we fix three sets £j,j € {1, 2, 3} of straight lines defined as follows

Ly = {(tl, 0)+£+R(201+02):¢¢€ A}, Ly = {(tz, 0)+ ¢+ R(—p01 —209): ¢ € A},
L3:={(t3,0) + £+ R(—01 +02) : £ € A}.

The values t;, j € {1, 2, 3} are chosen such that none of three lines intersect at a common
pointl.

!This condition is usually needed in order to avoid many subtleties in defining the Fakaya category. Below by studying
the generating functions we are able to infer what happens if they do intersect.

28
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Consider convex N-polygons A bounded by a set of straight lines from £;,j € {1, 2, 3}.
Elementary geometry shows that in the present case we must have 3 < N < 6. Denote its
set of vertices by vy, . . ., v in the clockwise order, and the oriented edge from the vertex
Vi to viy1 by eg for k € {1,2,... N}, where we use the convention vy+1 = v;. We also
denote the area of the N-gon A by area(A) and the length of the edge e; of A by |ex(A)].
We introduce N real-valued variables ;, k € {1,2,... N}, one for each edge e.

We fix one of these convex N-gons Ag with vertices V7, ..., Vi and edges Ey, ... Ex
and consider the following summation

Z Sgn(A)ezmarea(A)wezmsz‘;l e ®IBE Im(w) > 0, 3.1)
AES(A())

where

S(Ag) = {A : A is an N-gon such that e and Ej are on straight lines in the same set £},
and vy — Vi € Aforallk € {1,...,N}} /A,

and A acts pointwisely on an N-gon A and the function sgn(A) is given by (denoting the
j-th component of a vertex vy by (Vk),-)

sgn(A) := sgn((v1)z — (vn)2)" 7,
where sgn(x) := |;—| for x # 0 and sgn(0) := 0. One could replace the function sgn(A) by
sgn((Vis1)2 — (v)2)N 1 for any k, which would only possibly change the whole summation
by an overall sign.

To simplify the summation in (3.1) we find an explicit description of S(Ap). By trans-
lation, we can assume that all of the polygons A share the same vertex, say vy, with the
reference N-gon Ag. Denoting the length of the k-th edge Ej of the reference N-gon Ag
by ag, we can describe A by the oriented length of the sides ny +ay € Rwith g € Z (since
the intersections of a straight line £; € £; with the lines in £,;,, m # j have integer distance
from each other). We can omit ny_; + an—1 and ny + an since they are determined
by m1 + a1,...,nN—2 + an—2 (since ey_1 and ey have to be parallel to Ey_; and Ey;,
respectively), but we get some conditions encoded in ¥ below.

Writing r := N =2, By := sgn(ex) B, 7 = %w, one obtains that the generating function
(3.1) can be written as

Z W (1 + o) sgn(n, +ar)qQ(n+a) 2iBnta B)

nel’

where

e n+a = (n + oy, ...n, + &) denotes the set of independent parameters for the
oriented lengths of A;

+ Bisthebilinear form such that the quadratic form */7§ Qn+a) := % ‘/TEB(n +o, n+a)
is the area of the corresponding N-gon A;

o Y (nm+ a) is the characteristic function of the region in Z" such that Q(n + «) > 0 and
that sgn(e,{ekﬂ) is the same as sgn(EkTEkH) fork € {1,2,...N}.
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Fig. 1 The blue parallelogram is Ag, and the other parallelograms are shifted such that v; = V4. The grey
parallelograms appear in the summation, but the red one does not
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An easy inspection shows that the quadratic form Q induced by B has signature (1, r —1).
We consider the generating function as a Jacobi form by setting z := at + € C" as an
elliptic variable and modify it slightly by multiplying with g~Q®¢e=27#@B) to obtain nicer
transformation laws and cleaner formulas. Writing x (n + &) = ¥ (n + a)sgn(n, + «,), we
define

Oy (@5 7) =g 2D 5™ (s 1 ) sgnin + ,)g QOB B)

neZ’

_ Z Q(n) 27rtB(n z) (3.2)

neZ’

A direct calculation gives the following elliptic transformation.

Lemma 3.1 Ford{,m € 7" we have

O x(z+ Lt +m) = q_Q(e)e_Z”iB(e’ Z)®Q,X(z),

4 N = 3: equilateral triangles
In this section we consider the enumeration of equilateral triangles, for which we have

Qn+a) = 3(n+ o).

The enumeration of equilateral triangles leads to the function
w2
= a "
nez

Note that this is just a renormalized version of one of the Jacobi theta functions, which is

a Jacobi form. We compute the elliptic transformation as (¢, m € Z)

filz+ Lt +m) = q#;—g‘fﬁ(z), (4.1)

Lemma 2.1 (4) gives that f; is a holomorphic Jacobi form of weight % and index % on
To(3) N T'(2). To be more precise, additionally to (4.1), we have for (45) € T'o(3) N T'(2)

z . at+b 3¢ ’”(d 1)
f (cr+d’cr+d> (7)

(cTt + d)Ze Cf+df1(z, 7).
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5 N = 4: parallelograms
In this section, we study the generating function obtained for parallelograms and relate it
to the Jacobi theta function. Following the geometric construction, we have

Qn + &) = 3(n1 + 01) (12 + a2)

and obtain from (3.2) the generating function for parallelograms as

3 3
plee)= X g n ) g

neZ?

where x2(x) := sgn(x1)H (x1x2). Here we define the Heaviside step function by H(x) := 1
forx > 0and H(x) := 0 forx < 0.
The following elliptic transformation follows directly from Lemma 3.1.

Lemma 5.1 For{, m € Z?* we have
fole 4 & +m) = q 1207000 (7).
We determine the following explicit shape of f; in terms of the Jacobi theta function.

Proposition 5.2 For yy, y2 ¢ Zv we have

¥ (3z1 + 322; 37)
¥ (3z1;31) ¥ (322; 37)

Hlzt) = —in’(31) (5.1)

The function f> is a meromorphic Jacobi form of weight one and index > 3 (g 3) on T'o(3).
To be more precise, the elliptic transformation law in Lemma 5.1 holds and we have for

(25) € To®)

z a‘[-‘rb _ d 6711Lildzz )
f2 cr+d’ ctHd’ ct+d ) = (et +-d)e e f2(zl: 22 7).

Proof One can rewrite f, as

TRy
&
pa=| ¥ = X |y = 0 )Z( ql o ) (5:2)

n+%>0 n+%<0 neL
Equation (5.1) follows for 0 < y1, y2 < v using Lemma 2.3 and generalizes to yy, y2 ¢ Zv
by applying Lemma 5.1 and Lemma 2.1 (2). The transformation laws can then deduced
from Lemma 2.1 (2), (4) and equation (2.1). |

The main goal of this section is to study and determine the behavior of f; at the points
of discontinuity. This is done in the following proposition.

Proposition 5.3 Let y; ¢ Zv and y; € Zv. Then we have for xy — 2 € 3Z

3y2

_3
lim & Z:I:fg z1, 20 * ig) = ?m ISR hn01+ efa(z1, 20 +ig) = 671 ;1 v, (5.3)
E—>

e—0t
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Moreover for x, — “22 ¢ 17, we have
lim tf(z1,20 £ i) =0, 5.4
i, zi: f2(21, 22 £ i€) (5.4)

in®(31)9(3(z1 + 22); 37)
¥(3z2; 37)

lim fo(z1, 22 +ig; 1) = —
e—0t

Proof We first assume that zp = xy € R and use (5.2) to compute, for 0 < ¢ < v,

>z, %y + i)
+

3niny N2 61i(x2+ie)n
Z _ Z e (2 +ie)m

m+2,my>0  m+2, <0

3niny N2 6mi(x2—i€)n
_ Z_Z 1112(16(2 1

n1+y7120 n1+y71<0

ny>0 ny<0
_ 3ning 31y (6ming(xa+ie 6ming (xo—ie
— qu%l (e 1(xatie) _ p6min(x2—ie)
n1+y7]20
ny>0
3n ‘ ‘ i1 (x3—i
+ Zanlnzgl 2 (_e6mnl(x2+zs)+e6nzn1(x2 LS))
n1+y71<0
ny<0
+ Z e6nin1(xz+i8) + Z eGninl(xz—is)‘
n+2>0 m+2 <0

The first two sums vanish in the limite — 0T since we can exchange limit and summation
using Lebesque dominated convergence. The final two terms combine to

_@,imx( ol orlie )
e v 172 .

1 _ ebmilatie) 1 _ gbmilaz—ie)

From this we obtain (5.4) and the first claim in (5.3) in the case that zy € R. In the general
case, we write zo = xp + ilv = xp — Lu + £1 for some £ € Z and then employ Lemma 5.1.
We next compute, using Lemma 5.1 and Proposition 5.2,

folen 2+ ie;T) = ¢ foler, %0 — Lu + is; 7)
L B (3z1 + 3(xo — Lu + ic); 31)
= —if %773(3'5) ; .
9 (3213 31)9 (3(xp — Lu + ig); 31)

This directly implies (5.5). If x; — u € %Z, we use Lemma 2.1 (2) to obtain the second
claim in (5.3). O

6 N = 4:trapezoids

In this section we study the generating function obtained in (3.1) for trapezoids and relate
it to Appell functions. Here we assume without loss of generality that |ay| < |o1] and
obtain the quadratic form

1Qm+a) = 3(m +1)* — L(my + ).
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For general values of o; and S, k € {1, 2}, we have
z1:=p1+ o, zy = o +aaT, |ag| < lail.

The enumeration (3.2) gives the generating function for trapezoids

flzT) = Z x3(n+2) q%("%f’q%)if’”l{{?’”z, (6.1)

neZ?

where

x3 () := sgn (x1) H (Jx1] — |x2]) H* (x1x2)

and H*(x) :== 1 forx > 0, H*(x) := 0 forx < 0.
We first again state the elliptic transformation law of f3 that follows by Lemma 3.1.

Lemma 6.1 We have for 4, m € 7* and z € C?
3 —
filz +lr +m) = g1 G-0) 30 30 )

We observe the following connection of f3 to Appell functions for generic values of z.
Proposition 6.2 For yy, y1 — yo & Zv, we have

Y2

1,3 12)) » 3 1
fzT) = <§1 {2) A(3(21_22)1321—3L7J77—7+§;3‘L’).
Proof Using the definition of f3, it is not hard to see that

f3(z) = % Z (sgn (n1 —ny+ = (y1 V2 ) + sgn (n2 + yz)) q2(”1‘”2);3"1§—3"2

neZ?

=1 Y (sgn (m + 21 — y2)) + sgn (m2 + 2)) q%("%H"‘"Z)§13(n1+"2)C2_3"2,

neZ?

changing variables n; + n; + ny. The claimed identity now follows by using that

% Z (sgn (m + %,(Yl —2)) +sgn (n2 + 2)) q?’”lnzéf’m{;gnz

no€Z

2
3% (g;lzz)gL &
1— ¢3¢, g

and then plugging in the definition of the Appell function. |

To state the (mock) Jacobi properties of f3, define its completion

filzt) = (é“l_lé“z)s(ﬁLVJ)Z(S (7;1 —22),3z1 — 3| 2] v — 3 + 3;37).
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Theorem 6.3 The function f3 is a mock Jacobi form of weight one and index % (8 A ) for
['o(3) N T'(2). To be more precise, we have for (‘Cl Z) eTo(3)NT(2)

-~ _mic_(3,2_ 3,2} =
f3 (Cr+d’ crzid’ ?;j:s) = (et + d)eCHd( %) S3(z1,22;7)
and for 4, m € 7>

Bz + bt +m) =g 2~ 2)4“_3[‘ 30 1(2).

Proof The elliptic and modular properties of the completionfg can be deduced from
those of A after shifting away —3 |_y72J T. ]

We next determine the behavior of f3 at the singularities.
Proposition 6.4 Assume that y1 ¢ Zv. If yo € Zv, then we have

lim f3(z1, 20 + ig; T)
e—>0t

=q 3> y2+1) ;2 +219(32 —%+%;3r)u(3z2 3y2r+2,3’;3r>

—i (é'_l )7 n3(37)9 (3(21 —2z) — %;3‘[) s (321 + 5;31)
! 9 (3(z1 — 22);37) 9 (322 + 1;37) 0 (3;37)

In particular, for zo = Lt + m with £, m € Z we have

lim f3(z1, bt +m +ig; T)
e—>01

=—%q# 7{ 219(32 —STT l,3":)
_ 1o 30 (3 — 3:37) 9 (321 — 35537) ¥ (321 + 3;37)
X 9 (321; 37) '

Proof We first assume zy = %7 € R and plug in Proposition 6.2 to obtain for y; ¢ Zv and
e >0,

i(— ie) (1] e
£ m +iss7) = ZIHZM)(ZHVJ)A (3 (z1 — %2 —ig), 321 — 3 FJ -5+ %;31)
14
and thus

lim f3 (e, 2 + iei7) = & 3 i g (321 — 3w, 321 — 3F + 3;37).

To compute the right-hand side, we rewrite A(z — 3,z — § + 3), using Lemma 2.4 (2)
withz; =z —xy,20 =2 — % + %,andzo = —z — %,as
Alz—xpz—- % +13)
0 (e —xs = 3)9 (2 })
2=t (=57 (3)

Using the second identity in Lemma 2.4 (3) and simplifying the theta quotient using

0 (-5 +Dul-n-b-5) -

Lemma 2.1 (1) and plugging in z > 3z;, x5 > 3x2, and T +— 37 gives
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. c N 3mi 3 1, 1 3z.
81Ln01+f3 (z1, %2 +igsT) = ¢ 22 (19 (321 — =+ 5,31:) " (3x2 + % %,31)

in®(37)9 (321 — 3x2 — 3;37) ¥ (321 + 3;37)
(321 — 3x9; 37)0 (sz + %;31) D (37{, 31)

To finish the proof, we use Lemma 6.1. We obtain, writing zp = x3 — fu + £t with £ € Z

32 i€ (30— Custi .
1m(f)1+ﬁ> (21,22 +ig;T) = q 2 lm(f)l+ it tutiel o (1) xy — fu + ig;T)
E—> E—>

2 . _3 .
_ q%e&nﬁ(xz—fu);l 2 37ilx2—tu) (19 (321 _ %T + %;3-[) w (3 (%2 — Lu) + %, 3_7;3-[)

in3(31)® (3z1 —3(x2 — lu) — 37’;3t) D (321 + %; 31:)
9 (321 — 3 (v — Lu);31)0 (3 (x2 — Lu) + 1;37) 0 (3;37) )

Using Lemma 2.1 (2) and simplifying gives the claim.
The simplified expression in the special case zy = £7 + m with £, m € Z follows from a
straightforward computation using Lemma 2.1 (3). ]

We next determine the jumping behavior at the points excluded in Proposition 6.2.
Recall that A(z1, z2) has poles for z; € Z+Zt. Note that the right-hand side of Proposition
6.2 is continuous for z; — zp ¢ Zt + Z and y, ¢ vZ. Thus we may take the limit of
Proposition 6.2 in this case. Next we consider y, € Zv and determine the jump.

Lemma 6.5 Assume that y; € Zv. Then we have

3 3 3 3

lim Zj:f?, (222 ig;t) = —q 22806, (321 + 3 + 3;31).
I

e—0t

Proof Write yo = £v with £ € Z. Then Lemma 6.1 gives

2. ‘
f3(z1, %0 — bu + €1 L ie) = q%eww(’cz_z”ﬂwfg (z1, %0 — bu t ig).

Thus the left-hand side of Lemma 6.5 becomes

g Tt hm+ Z e L (21, %) — bu + ).
e—0 T

We then compute

e—0F

lim Z :i:eiG”Mgfg(zl, x) —bu L ig;T)
+

Vlz 175
-l - - X o+ et (an)”

n1+y71,n220 n1+y71,n2<0 n1+y7120,n2>0 n1+y71<0,n250

2 2 3
=| X+ X |ardr =Yg e =gt (3a+ ¥+ 4i30).

n+y7120 n+y71<0 nez

This gives the claim. ]
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7 N = 5: pentagons
In this section we study the enumeration of the pentagons and observe that the behaviour
at jumps is determined by the function appearing in the enumeration of trapezoids. In
this case, we assume |a3| < minf|og|, |e2|} and obtain the quadratic form

1Qm +a) = (n + o1)(nz + o2) — 3(n3 + a3)%,
For general values of S, k € {1, 2, 3}, the enumeration of pentagons gives

38 3y 3my -3
falz; 7)== § xa (m+2) g2 )M, (7.1)
neZ3

where
xa®x) = H*(lx1] — |x3))H " (|x2] — |x3))H* (x1%2).

With S;:= {x € R3 : 51, %2 > x3 > 0} and S := {x € R3: —x1, —xp > x3 > 0}, we write

3n2
3 -3 3ny.3n; . —3n
Salz) = > /N ST CH S

neZ?
n+%ei($1 USs)

If y3, y1 — ¥3, y2 — y3 ¢ Zv, then we have

Ja(z) = ga(2) + ga (=21, —22, 23),

where (with S3 := {x € R3 : x;, %3 > x3 > 0})

3n2
g4(z; T) = Z + Z q3n1n2—73€-i°ﬂ12§23ﬂ1 ;3—3713‘

neZ? neZ?
ntleS; ntle-S;

We now want to write g4 as higher depth Appell functions. We start by making the
change of variables ny +— nj + 13, ny — ny + n3. Then we have, assuming that ys, y; —
¥3,¥2 — y3 ¢ Zv and writing Y := 3|22 |, ¥ := 32225 | and V3 := BI_J%J

v 14

}12
g4(z) — Z + Z q3n1n2+3n1n3+3n2n3+373 4.13(”2-4-713)&-23(”14-”3);;3713‘ (7.2)

neZ? neZ?
3n+Y>0 3n+Y <0

Using Lemma 3.1, we obtain the following transformation.

Lemma 7.1 Assume that 4, m € 7°.
(1) We have

362
falz+ A +m) = g P00t 30 0 30 (2,
(2) We have

—301 303

362
Gz + 8r +m) = g 300t 30 30 B g ),
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To rewrite g4 in terms of known functions, we let

nl(”21+l)+n1nz+n1n3+n2n3 é_{'ll §2nz 5513‘

1 11
F*(z; 1) :=q*%§12§;§; Z+ Z (-1)"q

neN3  ne—N3

Vi~
v

% 1,7 € {1,2} in F* yields the following lemma.

Shifting n3 +— n3 — LJ%J, nj = nj— |
Proposition 7.2 We have

2

1 Y ¥ Y3 3 _y Y. —Yi—Ya. Y3—2

vy — 1 3(V1Yo+Y1Y3+YaY3)+ 2+ 32 —2  —Ya—Y3  —Y1—Y3 . 1373
g4(z,r) _lqg( 1Y2+Y1Y3+Yo Ya)+ 2+ 8¢ ¢ Zs

XF*(g(Z1+Z2—Z3)—(Y1+Y2+Y3)r—%4_%’
3z1 — (Y1 4+ Y3) 1,320 — (Y2 + Y3) 75 317).

The following lemma states F* in terms of the p-function.

Lemma 7.3 For0 < y3,y3 <V

| 39
F*(2z) = i¥(z1) (21, 22) (21, 23) + qﬁcﬁm&%u(n + 7,22 + 23).

Proof We may write

_1 1 1
F@)=F@)+q 55 56 | Y — > |ammgeey,

no,n3>0  ny,n3<0

where F is defined in (2.3). Now, using Lemma 2.3, we obtain

. 30 (z2 + 23)
_ nong N2 N3 _ 3
Y- X et =i g s (7.3)

ny,n3>0  ny,n3<0

The claim then follows using Lemma 2.4 (3) and Lemma 2.6. O
We define the completion of f} as
o~ 3 _3 ~
falziT)=iq 55y 2 Y F* (3(ka1 29 — 23) — 3 + 3, £321, +32;37)
+
with

F*(z;7) = it (z1; T)i(21, 20 0721, 23; T)

39 (zp + 235 7)

Vam o) L TR T

1
+q 28 6283

Combining the previous results of this section gives the following.

Theorem 7.4 The function fy is a sum of products of mock Jacobi forms of weight % and
index % (% § 83)for ['o(3) NT'(2). To be more precise,j’; satisfies for (‘Cz g) eTo(3)NTI(2)

~ ni(1-d) 3 _mic_ _322) >
f4( z1 22 z3 .ar+b) — (%)e T (cT + d)2ecr+d(62122 323)f4(21, 20,23 T)

ct+d’ ct+d’ ct+d’ ct+d
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and for &, m € 73

-~

3 _ _ ~
_f4(z + ET + m) — q—351€2+§£%§.1 382;2 3[1;;}3@3 ,ﬂl(z)

Proof Considering the identity in Proposition 7.2 for the completed functions, we can
shift away all the ¥; in the arguments, which also cancels all occurring Y; in the factors
outside. Then the weight, index, subgroup, and multiplier of the completion of g4 can
be deduced from those of © and A. Since the transformation laws are invariant under
z — —z, this implies that f is a mock Jacobi form of the same weight, index, subgroup,
and multiplier. o

The jumps of g4 are at y3 € Zv, y1 — y3 € Zv, and y» — y3 € Zv. We describe them
explicitly in the following proposition.

Proposition 7.5

(1) Ifys € Zv, y1 — y3,¥2 — y3 ¢ Zv, then we have

_3my2 2 p3(31)0(3(z1 + 22);37)
l‘ :I: , ) :l: 1 ; = — 2( v ) v .
" zi: g2y 2223 2 ieiT) = —ig 3 T 9(321:30)0 (322 37)

e—0t

(2) Ifyr —y3 € Zv, y3,y2 — y3 ¢ Zv, then we have

33’1*3’3

lim " dgaler ez z) = (0550) T a4
+

e—07T

(J’l -3\?

3
A >f3(21 + 20 — 23,20 — 23).

(3) Ifyr —y3 € Zv, y3,y1 — y3 ¢ Zv, then we have

32793 3 (yrys 2
2
q

lin3+ >tz z + e z3)= (Q;{l) ’ ) S3lz1t+za—2z3, 21—23).
e—

+

Remark We note that the right-hand side of Proposition 7.5 (1) is meromorphic in
(z1,z2) € C? whereas the right-hand sides of Proposition 7.5 (2) and (3) have jumps
in (z1, z2), which can be seen by using Lemma 6.5.

Proof of Proposition 7.5 We only prove (1) and (2) since part (3) follows analogously.
(1) We first assume that z3 = x3 € R and compute for 0 < y1, y2 < v, using (7.2) and (7.3)

lim +04(21, 20, x3 L ig; T
8_)0+; ga(z1, 22, %3 )

3n2 3n3
_ 3n1ng+3n1n3+3nynz+ =3 311 . 3n —27ix:
= [ X+ X [t g b (e )

neN}  ne-N3

3n2 3n3
E § : 3 3 3 =3 . 3n . 3n —omi
_ + q nny+3nn3+3nan3+ — §2 1;1 2 (;1{26 mxg)

neNgxN  ne—(N2xNy)

9 (3(z1 + 22); 37)

= 3miny 3m 3m2 . 3

=X - 2 |9t = -G : — (7.4)
neNZ  ne—N? ¥ (3215 37) 0 (329; 37)

This gives the claim in special case that y3 = 0.

Page 15 of 19
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In general, we have y3 = £3v for some {3 € Z, thus z3 = x3 — £3u + £37. Writing for
j €{1,2} zj = 3; + £;r with 0 < Im(3) < v, we then obtain, using Lemma 7.1 (2)

363
—3014y— T3 e6ni(5323 —031—l132%il3e

g(z1,20,23 Lie) =¢q )¢ (31, 30, %3 — Luz + ic).

Combining with (7.4) gives the claim.
(2) We begin by computing, for z; = x1 + iy3, y3 # 0, using (7.2)

lim +g4(x i(y3 £ ¢€), 20, 2
eini: ga(x1 + i(y3 L ), 20, 23)

mysl X o+ %
e—071
+ nez? nez?
ntl(zeyr—y393)20  m+i(xeyr—ysy3)<0

3n2
3nynp+3n1n3+3nanz+ —2 . 3(m2+n3)  3(mi+n3) . —3n3
X ¢ 112 1713 213 3 4—1 ;2 §3

)R I DI

n1>0 n1>0 n1<0 n1<0
m 228350 pp4 2222850 mp 220 m+22ic0
n3+y7320 n3+y—v320 n3+y73 <0 n3+y73<0

3;12
3nynp+3n1n3+3nanz+ —2 . 3(n2+n3)  3(mi+n3) . —3n3
x gdmmt3mnst3mnst 5t - z Z

n2 "
> - X |emrEen (aegt)”

n3+y7320 n3+y73<0

n2+y2;y3 >0 n2+3’2;y3 <0

= f3(z1 + 22 — 23, 20 — 23).

Now we consider z; € C withy; —y3 = v for some ¢ € Z. Thenz; = x; — Lu+iys + L.
Lemma 7.1 (2) gives that

alz Tie zm,23) = & Fgalvr — tu+i(ys £ €), 20, 23).
Combining this, we may conclude the claim, using Lemma 6.1. ]
From Proposition 7.5 we immediately obtain the following corollary.

Corollary 7.6

(1) Ifys € Zv,y1 — y3,¥2 — y3 & ZLv, then we have

e—>0t

lim Z +fa(z1, 29, z3 £ ie) = 0.
+

(2) Ifyr —y3 € Zv,y3,¥2 — ¥3,¥1 + ¥3, and ya + y3 ¢ Zv, then we have

Y1773 2

3)’1;3’3 7§( )
lim Z tfi(z1 £ is, 22, 23) = (§1C§1> q *\ "/ filer + 22 — 23,22 — 23).
+

e—>0t
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(3) Ify1 +y3 € Zv,y3, 92 — ¥3, y1 — ¥3, Y2 + ¥3 ¢ Zv, then we have

30173 3(y1+y3 2

lim Ziﬁ; (z1 £ie, 2, 23) = (Cl(g_l) T N )f3(21+Z2+z3,22+Z3).

e—0t
4) Ifyr —y3, 91 +y3 € Zv, y3, 2 — ¥3, y2 + ¥3 & Zv, then we have

3
) . v =01 h3)
sli% ; Hfalz1 £ie, 22, 23) = ((143 ) q 2

3
v

1L \3F wn _ s
x ((Cl 14“3) g fle 2 — 23,20 — 23) +<{1€3 1) qa v flatntzn +Z3)>-

Remark Since f3(z) = fa(z2, 71, z3), one obtains descriptions of jumps analogous to (2),
(3), and (4) by exchanging the first and second variable.

The following lemma computes one-sided limits to the jumps of g4, which are built from
of u-functions and theta-functions. For this define
s (37’ + %;31’) 4 (3z + %;3‘[) s (32—|— 3%;31)
9 (3z+ 3 + 3;31)

T(z;t) =

Lemma 7.7
(1) We have
Slir& gu(z1, 20, i; T)
= g L) BR3P 2y (301 42— 2 4 130

xu(3z+z)—3[2|r—3F+ 2,321,31) (B +2)-3 L%J 3; + 1,329;317)
B in®(3t)
219 (321; 37)19(322; 37)

(-06@ +2)i30+45 T @1 +22).
(2) We have

lim ga(z3 + ie, 22, 23; T)
e—0*1

1 i ) oL

Y2773 3
o[-

3 1,
=51 2 g3 9 (22— 5 + 3:37)
oy T(z
< (30 —3] 0 e % 2,323,3f)(1+q%%)

L 3m)3 3U2j+ > (31)9 (3(22 + 23); 37)
—iq 2L v
¥ (3z2; 31)9(323; 31)

(322 + 3 + 3,3 (z2 +23) — 3| 2 | 7;37).
(3) We have

lim ga(z1, 23 + ie, 235 7)

e—0
- _%qf%wsz—ﬂwj e ke PV

3
s =2 1 % 4 o) (-1 i)

i §:L$j+% 7°(31)9 (3(z1 + 23); 37)
©(3z1; 37)19(323; 37)

2+131)

¥ (321 +3T+é,3(zl+Z3 3|2 1;37).

Proof (1) We use Proposition 7.2 and Lemma 7.3 and simplify the occurring functions
using Lemma 2.1 (2), Lemma 2.4 (1) and (4) to conclude the statement after a lengthy
calculation.

(2) The claim follows in a similar way. O
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8 Discussion and open questions
For the enumeration of N-gons with 3 < N < 5, the explicit computations in the previous
sections exhibit nice formulas for the generating functions in terms of rational functions
in the Jacobi theta functions and the p-function. Using the results in [17] about the u-
function, this tells that the generating functions are actually mock objects whose modular
completions can be easily found. One geometric consequence of the mock modularity is
that the generating functions, originally defined around t = ico, can be extended to the
global moduli of elliptic curves upon modular completion.

The generating function of 6-gons can be written down similarly according to the geo-
metric construction reviewed earlier in Section 3. It is essentially given by the following

3mng—32n2—3n2 3ny .3n1 . —3n3,.—3n
fo(z 1) = Z sgn(m + a1 —n3 —o3) g TN 2n4§1 252 153 354 4
neZ4*ND

where the parameters oy, k € {1, 2, 3, 4} satisty |a3], |@a| < min(ja1], |ez]) and the region
D is given by

D:=—a+ {x e R*: w3, |xa] < min(|x1], |x2]) and x1x0, x1%3, X144 > 0}.

Motivated by the studies on homological mirror symmetry [13], we propose the following
conjecture.

Conjecture The generating function fs has mock Jacobi properties.

While directly identifying this generating function in terms of Appell functions and theta
functions seems to be difficult, it should be possible to determine its mock Jacobi properties
using the theory of indefinite theta functions of arbitrary signature. Such an approach
could also enable progress on N-gons with arbitrary numbers of vertices N € N, which
requires a more uniform geometric setup for N-gons.
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